Strong Coupling between a Topological Qubit and a Nanomechanical Resonator 
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We describe a scheme that enables a strong coherent coupling between a topological qubit and the 
quantized motion of a magnetized nanomechanical resonator. This coupling is achieved by attaching 
an array of magnetic tips to a namomechanical resonator under a quantum phase controller which 
coherently controls the energy gap of a topological qubit. Combined with single-qubit rotations the 
strong coupling enables arbitrary unitary transformations on the hybrid system of topological and 
mechanical qubits and may pave the way for the quantum information transfer between topological 
and optical qubits. Numerical simulations show that quantum state transfer and entanglement 
distributing between the topological and mechanical qubits may be accomplished with high fidelity. 
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Introduction. — A major challenge facing the field of 
quantum information processing (QIP) arises from the 
delicate nature of a quantum system, their tendency to 
decohere into classical states through coupling to the en- 
vironment. To address this obstacle there emerged some 
interesting topological quantum computation schemes 
[H ! where quantum information is stored in nonlocal 
(topological) degrees of freedom of topologically ordered 
systems. Being decoupled from local perturbations these 
nonlocal degrees of freedom enable the topological QIP 
approaches to obtain its extraordinary fault tolerance 
and to have a huge advantage over conventional ones. 
As the simplest non-Abelian excitation for topological 
qubits, the zero energy Majorana bound state (MBS) |3j, 
is conjectured to be exist in the spin lattice systems [1|, 
in the p + ip superconductors [3] , in the filling fraction 
v = 5/2 fractional quantum Hall system [U, in the su- 
perconductor Sr2Ru04 in the topological insulators 
coupled to s-wave superconductors [g, [7j, and in some 
semiconductors of strong spin-orbit interaction coupled 
to superconductors [8l4ll| where an experimental obser- 
vation has recently verified its existence [l 21 ] . 

On the other hand, the nonlocal nature of topological 
qubits makes it tough to measure and manipulate them, 
because they can only be controlled by globe braiding 
operations, i.e., by physical exchange of the associated 
local non-Abelian anyons [IH, Furthermore these 

braiding operations for Ising anyons alone are not suffi- 
cient to accomplish universal quantum computation and 
have to be combined with topologically unprotected op- 
erations [l5l [l6j . Implementing unprotected operations 
within a topological system proves to be very challeng- 
ing due to the existence of significant nonuniversal effects 
17j. At the same time, stead advancements have been 
achieved in conventional QIP systems, such as the recent 
progresses in a basic quantum network of single atoms 
in optical cavities [lal. i n long lifetime of nuclear spins 
in a diamond crystal [19l. [2fj| , in high fidelity operations 
on trapped ions [2lJ and on superconducting qubits [22j , 
in distributing entanglement between single-atoms at a 
distance [23j j and between an optical photon and a solid- 



state spin qubit [24j . 

Thus the best solution is to make hybrid systems by 
combining the advantages of topological qubits, robust 
quantum storage and protected gates, with those of con- 
ventional qubits such as high fidelity readout, univer- 
sal gates, and quantum network. Such hybrid schemes 
have recently been suggested for the anyons coupled to 
superconducting flux qubits [25T - l27j and for the anyons 
in atomic spin lattices 12811 . in optical lattices [29| , and 
in Majorana nanowir es 1301 coupled to a semiconduc- 
tor double-dot qubit [17j . Here we propose a scheme 
for quantum information transfer between a magnetized 
nanomechanical resonator [3ll - l33j and a topological qubit 
encoded on Majorana fermions (MFs) on the surface 
of a topological insulator (TI) [f|. The motion of the 
resonator under a quantum phase-controller (QPC) [34| 
modifies the energy gap between the two topological 
qubit states, resulting in a strong coupling between the 
topological qubit and the quantized motion of the res- 
onator with its strength conveniently controlled by the 
QPC. Based on this strong coupling arbitrary quantum 
information transfer and quantum entanglement distri- 
bution between the topological qubit and the resonator 
can be performed with high fidelity. Considering the co- 
herent interaction between light and a nanoscale mechan- 
ical resonator [35l - l39| . this scheme may lay the founda- 
tions for the coherent coupling between topological and 
optical qubits. 

Hybrid system. — The prototype hybrid quantum sys- 
tem shown in Fig.l consists of a topological qubit en- 
coded on four MFs, a QPC, and a nanomechanical res- 
onator covered with an array of magnetic tips. The flux 
QPC is made up of a Josephson junction (JJ) with two 
superconducting islands a, b and a rf SQUID loop of in- 
ductance Li enclosing an externally applied magnetic flux 
$ x . The phase difference <f> between superconducting is- 
lands a and b is determined by 4> = — 2ir$ x /$o |34j , where 
<3>o = h/2e is the flux quantum. The MFs described 
by Majorana fermion operators = 1,2,3,4) are self- 
Hermitian, 7J = 7,;, and satisfy fermionic anticommuta- 



tion relation {71,77} 



The Majorana fermion 7^ is 
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FIG. 1. (color online). Schematics for a hybrid system com- 
prising a topological qubit, a QPC, and a nanomechanical 
resonator. The topological qubit is encoded on two pairs 
of Majorana fermions ((71,72) and (73,74)). Two Majorana 
fermions (marked with circles) at two superconducting tri- 
junctions are coupled though STIS quantum wire with cou- 
pling strength dependent on the phase difference between 
phase <j} u — —n of islands u and phase <f>d = 6 of island d. 
The flux QPC consists of a JJ and a rf SQUID loop enclos- 
ing an external flux $ x which determines the phase difference 
<j> between superconductor islands a and b. The resonator is 
covered with an array of magnetic tips. The motion of the 
magnetized resonator modifies the magnetic flux penetrating 
the plane enclosed by the QPC, resulting in changes in the 
phase difference <j> and in the energy splitting of the topolog- 
ical qubit. 
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FIG. 2. (color online), a) Numerical simulation of the 
state transfer: J. 0) + | f 0)) -> ^(| J. 0) - i\ \ 1)). 

The state transfer fidelity is F\ = 0.990. b) Numerical 
simulation of quantum entanglement generating, [ f 0) — > 
(| t 0) - i\ 4. l))/\/2 with a fidelity F 2 = 0.993. The pa- 
rameters used are g = -20(2tt) MHz, g' = -100(2tt) MHz, 
T = 25 mK, Q r = 1 x 10 3 , j p = 1(2tt) MHz, uj p = 4.3(2tt) 
GHz, and u> r — uit = 1(2tt) GHz. The corresponding matrix 
elements of the density matrix p s of the hybrid system are 
PsOO = (|0|p s | I 0), p s0 i = (I 0jp s | I 1), p s02 = (I 0|p s | t 0), 

Psll = (I I 1>, Psl2 = (I l\Ps\ t 0), p s22 = (t 0|p,| t 0). 



localized at trijunction i(i = 1,2,3,4), which comprises 
three s-wave superconductors patterned on the surface 
of a TI Q . A pair of MFs operators ji , jj can make 
up a Dirac fermion operator /,j = (7; — i"fj)/ v2, which 
creates a fermion and fhfij = = 0, 1 represents the 
occupation of the corresponding state. Two logical states 
of the topological qubit |0) t and |l) t are encoded on 
the four MFs with |0) t = |0i 2 34 ) and |l) t = |li 2 l 3 4>- 
The four MFs = 1,2,3,4) interacts through the 
superconductor- Tl-superconductor (STIS) wire of width 
W, length L, and phases <fi u = —tv and 4>d = &■ The effec- 
tive Hamiltonian for the topological qubit reads (h = 1) 



_ E(9) 



H t = - 



of , where the coupling strength [27 



E(e) = ?fyjAj + f*{A e ), 



(1) 



and Pauli operator of = (|0)(0| - |l)(l|) t . Here f Q (y) 
is the inverse function of y = xj tan(x) defined in the 
0th invertible domain, Kg = sin % with the induced 
superconducting gap Ao and the effective Fermi velocity 
v F 1 



vp = vlcos uW + — sinuW 7 ] 



^0 



(2) 



where /i is the chemical potential of the TI and v is the 
velocity of an electron on the TI's surface. 

The nanomechanical resonator is described by the 
Hamiltonian H r = uj r cva with the mechanical vibration 
frequency u r along the direction z perpendicular to the 



plane of area S enclosed by the QPC loop, and the corre- 
sponding annihilation and creation operations a and a* . 
The motion of the resonator cause a magnetic flux fluctu- 
ation A$ r ~ SGuo(a + a'), where G is the average mag- 
netic field gradient produced by the magnetic tips, and 
Mo is the amplitude of the resonator's zero-point fluctu- 
ations. The Hamiltonian for the QPC can be written as 
H„ = ujpb^b with the plasma frequency uj p ps (CL.;) -1 / 2 
34| , and the corresponding annihilation and creation op- 
erations b and b^ . Taking into the contribution from the 
magnetic tips the phase 9 can be written as 



= o 



V2 



b + tf 
' V2 ' 



(3) 



where 0q is the corresponding phase when the resonator 
is in its equilibrium position, £ ps 2y / 7r(-^ L )4 is the mag- 
nitude of quantum fluctuations of the QPC [Hj], and 
£ = 2ttSGu /§ - 

The Hamiltonian for the whole hybrid system de- 
scribed by a density matrix p has the form 



H 



tfbu 



1 



£(0)of. 



(4) 



Expanding the coupling strength E(Q) to first order in the 
small parameters -rj-^p-\9=e and zr^r\ s = s a gives 



3 



the Hamiltonian 
H 



tfbu 



(5) 



where 



9 



V2 dO 
C dE(0) 



V2 dO 



(6) 



By rewriting Hamiltonian ([5]) in terms of | \) = 
^(|0) + |l)) t and | t> = ^(|0) - |l)) t and applying the 
rotating-wave approximation and the interaction picture 
we obtain 



1 



aa, 



+ i(ui t —u) p )t 



+ 6t -- e -<("t-« 1 .)*) ) 



(7) 



where the resonance condition uj r = E(0q) = u t is as- 
sumed, and cr t + = | T) U I and CfT = | |) (t | are the raising 
and lowering operators, respectively. Now we concentrate 
on the experimentally relevant regime ui p ^> LJ r ,g,g', 
where we can adiabatically remove the fast dynamics of 
the phase controller degrees of freedom. Through pro- 
jection operator techniques we have the following Born 
approximation of the master equation for the reduced 
density matrix (40| : 



d_ 
di 



Ps{t) 



dt'TY p [Hj(t), [Hxtf), Ps {t') <g> Pp }}, (8) 



to 



where p p is the steady state of the QPC in the absence 
of the qubit-resonator system. We perform the Markov 
approximation on equation ([8]) by replacing p s (t') with 
p s (t) and by sending to — > — oo, resulting in the Marko- 
vian quantum master equation 



d_ 

di 



Ps{t) 



dTTr p [H!(t), [Hj{t - T), Ps (t) ® p p }}, 



(9) 

This Markov approximation holds if the QPC modes de- 
cay much faster than g'~ l or if they are far detuned from 
the topological qubit by much more than g'^ 1 36]. Sub- 
stituting -ff/d5]) into equation ([8]) gives (neglecting tran- 
sients by dispatching to — > — oo) 



d 

di Ps 



1 , 
T 9 



[j(w t )(cr t + CT t Pa - <y t Ps&t) 



<j+ Ps a-)+R.c.}, (10) 



where 



JM = / (&(r)6t (0 ))e il 
Jo 



K(ut) 



(6t(r)6(0))« 



T dr 



r dr 



(11) 



(12) 



To describe dissipative effects we introduce the quan- 
tum Langenvin equation for the QPC degrees of freedom 
in the limit g' — > 0: 



A/ 

b = -i[b, H p } ~ -j b ~ V^pS 



(13) 



where the noise operator q fulfills {q'(t)q(t')) = N p 6(t—t') 
with N p = [exp(ujp/kBT) — 1] _1 and j p N p is the relevant 
decoherence rate. From QLE (fl~3|) by Fourier transfor- 
mation the steady-state correlation functions J(u>t) and 
K(uj t ) can be obtained as 

JM = ^±12 [ ( <Wt+ia , p _^)-i_ (iWt _ iWp _^)-i ] . 

(14) 



K(ut) 



2uj v 



[{-iut+iuip--^) l — (-iu t — iojp- y) 1 ] 

(15) 

Rewriting equation (JTUJ) gives the following effective mas- 
ter equation 

§- t Ps = -ij Whps} + Tp(N p + l)Dfo)p a + TpNpD{at)p s 

+ j r (N r + l)D(a)p s + lr N r D{a))p s , (16) 

where we have included the dissipation of the res- 
onator modes for a mechanical quality factor Q r — 



(2cp s & 



c'cps 



p s &c)/2, N r = 



A = 3& 



and T p = 



w r /7 r , D[c}p s := 
[exp(w r /fc B T) - 1]" 

Example. — As an example we discuss a SiC beam of 
dimensions (l,w,t) = (1.1, 0.12, 0.075)/^m with a basic 
mode of frequency l(27r) GHz, un ~ 15 fm, and Q = 500 
at temperature T = 4.2 K [SllH], or Q ps 2300 at T = 
25 mK according to the temperature dependence of the 
quality factor Q^ 1 oc T 3 [49|. A magnetic tip of size of 
50 nm with homogeneous magnetization M ps 2.3 x 10 6 
[32L I43I ] attached on the resonator produces a magnetic 
gradient of G ~ 1 x 10 8 T/m at a distance of 1 pm , 
resulting in £ > 0.002 for a surface S ps lum 2 . The 
QPC comprises a large Josephson junction [44j and a rf 
SQUID loop with very small inductance 45j , we may set 
C « 0.01 and u p ps 4.3(2tt) GHz [H]. For topological 
qubit we may choose Ao ps 25(27r) GHz [l2l |. L ~ 5//m, 
and up ps 2.2 x 10 4 m/s by adjusting the TPs chemical 
potential p ((2]). From equations ([U [6|) we obtain g ps 
-20(2tt) MHz and 5 ' ps -100(2tt) MHz for 6 on = 0.09; 
g ps -5 KHz and g> ps -25 KHz for 6 oS = 3.1 

Applications. — The coupling strength g can be coher- 
ently controlled by modifying the phase 9: the interaction 
between the qubit and the resonator is switched on ( off) 
by tuning 8 to 9 on ( o g ). A unitary transformation 

Ii\l0)+v\t0)^n\l0)-iv\ll), (17) 

can be performed by adiabatically turn on the coupling 
for a duration corresponding to a tt pulse J g(t)dt = —it. 
Next a single-qubit rotation on the latter can then fin- 
ish a quantum state transfer from the topological qubit 
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FIG. 3. (color online). The effect of decoherence sources 7 r 
and 7 P on the fidelity of state transfer: -^=(| J. 0) + | f 0)) — >• 

"7j(l 4- 0) — *l -I- !))• Other parameters are as in Fig[2] 



to the motion mode of the resonator, where \x and v are 
arbitrary complex numbers satisfying M 2 + \v? = 1. A 
maximally entangled state | t 0) ->• (| t 0) - i| | 1))/V2 
can be generated if J g(i)dt = —ir/2. The choose of 
J g(t)dt = — 3ir/2 accomplishes a vSWAP gate, the 
squared root of SWAP g ate, up to a single-qubit rota- 
tion. Series of VSWAP gates and single-qubit 90° ro- 
tations about z on the subsystem i denoted by R z .i(90) 
gives the controlled-phase (CPt, r ) gate 



CP t r = R z { (90)R a r (-90)VSWAPR z t (180)VSWAP 

for the hybrid system. Finally an arbitrary unitary trans- 
formation on the hybrid system can be decomposed into 
CPt !r gates and single-qubit rotations (46j . 

Numerical simulations. — The main sources of error of 
the quantum manipulations discussed above are decoher- 
ence from the resonator and the QPC. Low temperature 
is required to exponentially decrease the probability of 
the occupation of the excitation modes of the STIS wire 
by the factor j w = exp( 1 ^%) [27|: T = 20 mK gives 
j w < 1CP 3 for the aforesaid values of vf and L. The fi- 
nite length of STIS wire will have very small effect on the 
coherence time of the topological qubit itself: the energy 
splitting E(0 oS ) ~ 1(2tt) x 10 3 Hz for off = 0.13. The en- 



ergy splitting E(8 on ) may be affected by some processes, 
such as dynamics modulations of the superconducting 
gap and variation of the electromagnetic environment. 

The error of the quantum information transfer between 
the topological qubit and the resonator is estimated in 
terms of fidelity by numerical solving the effective master 
equation (fT6|). We may choose cj r — E(8 ou ) = uit = l(27r) 
GHz, uj p = 4.3(2tt) GHz, T = 20 mK gg, 7p = 1 MHz 
[22|, Q r = 2 x 10 3 , g = -20(2tt) MHz, and g'/27r = 
100(27r) MHz. The evolution of the state transfer 

_L ( 1 1 )+| t o)) r/l9(t)dt ^> = ^(U OHI 1 1» 

(19) 

and the generating of a maximally entangled state 

I t 0) f ' /2 »W*=-"/ 2 . s ( | t 0) - i\ I 1))/V2 (20) 

are shown in Fig. [2^) and b), respectively, with the cor- 
responding fidelity Fi = {ipi\p a (tfi)\i(>i) = 0.990 and 
F 2 = (ip2\ps(tf2)\ip2) = 0.993. The influence of the de- 
coherence sources 7 r and j p on the state transfer fidelity 
F-y is shown in Fig|3l Finally we estimate the influence 
of the fluctuations in the energy splitting E(9 on ) on the 
operation fidelity by assuming unknown errors in E(8 on ), 
and g: the corresponding fidelity F\ decreases from 0.989 
to 0.984 for 1% unknown errors in E(8 on ) and g. 

Conclusion. — In summary, we have presented a scheme 
for quantum information transfer between topological 
qubit and the quantized motion of a nanomechanical 
resonator. Quantum state transfer, quantum entangle- 
ment generating, and arbitrary unitary transformation in 
the topological-qubit-resonator system may be performed 
with high fidelity. Considering the advances in coherent 
transfer of quantum information between the quantized 
motion of the resonator and other conventional qubits in- 
cluding optical qubits [32, [33, E2, Ell , this quantum 
interface enables us to store conventional quantum in- 
formation on topological qubits for long time storage, to 
efficiently detect topological qubit states, to design par- 
tially protected universal topological quantum computa- 
tion, where topological qubit can receive a single-qubit 
state prepared by a conventional qubit with high accu- 
racy, compensating the topological qubit 's incapability of 
generating some single-qubit states. 
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